Double Pendulum
Equations of Motion

This notebook shows derivation of the equations of motion for the double pendulum simulation. See
http://ww. nyphysi csl ab. coni dbl _pendul um htnm .

Author: Erik Neumann

Weregard y asincreasing upwards. Originis at the fixed base pivot.

flistheangleat the (fixed) base pivot between the rod and the downward vertical position.
02 is the angle between the downward vertical from mass 1 and the second rod.

d isthe derivative operator with respect to time.

L1, L2 arethelengths of the rods.

ml, m2 are masses.

g isgravitational constant.

x1,y1 is position of mass 1.

X2,y2 is position of mass2.

We start with the following:

x1=L1Sin[#1]

yl=-L1Cos[A1]

x2=x1+L2Sin[62]

y2=y1l-L2Cos[62]

Then take two derivatives to get ddd1 and ddo2 as given below.

Naming convention: the letter d indicates derivative (with respect to time), dd indicates second derivative. For example:

x1' =dx1
x1"" =ddx1
01 =do1l
1" =ddol

ddx1 = -de1? L1 Sin[el] +ddel L1 Cos[61]

General ::spelll:
Possi bl e spelling error: new synbol name "ddel" is simlar to existing synbol "dol".

ddel L1 Cos [61] -do12 L1 Sin[6l]

ddyl = de1? L1 Cos [61] +ddel L1 Sin[el]

General ::spelll:
Possi bl e spelling error: new synbol nane "ddyl" is simlar to existing synmbol "ddx1".

do1? L1 Cos [61] +ddel L1 Sin[6l]

ddx2 = ddx1 - de2? L2 Sin[e2] +dde2 L2 Cos[62]

General ::spelll:
Possi bl e spelling error: new synbol name "dde2" is simlar to existing synbol "de2".

ddel L1 Cos [61] +dde2 L2 Cos [62] - del? L1 Sin[el] - de22 L2 Sin[62]

ddy2 = ddyl + de2? L2 Cos[62] +dde2 L2 Sin[e2]

General ::spelll:
Possi bl e spelling error: new synbol nane "ddy2" is simlar to existing synbol "ddx2".

do1? L1 Cos [61] +d622 L2 Cos [62] +ddel L1 Sin[el] +ddo2 L2 Sin[02]
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eql = -Cos[e1] (nl ddx1l + nR ddx2) == Sin[el] (nl ddyl+nmR2ddy2+nm2g +mlg)
~Cos [61] (nl (ddel Ll Cos[el] -del?L1Sin[el]) +
n2 (ddel L1 Cos[e1] +dde2 L2 Cos [62] -del?L1Sin[el] -de2?L2Sin[e2])) ==
Sinfel] (gm +gn2+nl (de1® L1 Cos[o1] +ddel L1Sin[el]) +
n2 (de1® L1 Cos [61] +de2? L2 Cos [62] +ddel L1Sin[el] +dde2 L2 Sin[e2]))
eq2 = -Cos[62] n2 ddx2 = Sin[62] (n2ddy2 +n2 g)

Sin[e2] (gn2+n2 (del? L1 Cos[o1] +de2? L2 Cos [62] +ddel L1Sin[el] +dde2 L2 Sin[e2]))
Sol ve[{eql, eq2}, {ddel, dde2}] // Sinplify

-2 Cos [62] (ddel L1 Cos[el] +dde2 L2 Cos [62] -del? L1Sin[el] -de2?L2Sin[62]) ==

{{dd@le
- (g (2m+nR2) Sinfel] +nm2 (gSinfel-262] +2 (de2? L2 +del? L1 Cos[el-62]) Sinfel-62])) /
(L1 (2ml+n2 -n2 Cos[2 (61 -62)1)),
dde2 > (2 (de1? L1 (ml+n®) +g (ml+nR) Cos[o1] +de2? L2 nR Cos [e1 - 62]) Sin[el -62]) /
(L2 (2nL+n2 -2 Cos [2 (61-62)])) }}



