Dangling Stick

This Mathematica notebook derives the equations of motion for a Dangling Stick. We have a stick with a point mass
at each end, and one end is attached to a spring whose other end is fixed. The system isfree to movein 2 dimensions.

For more information and a JavaScript simulation, see the webpage
www. myphysi csl ab. conf dangl e_stick. htm .

Author: Erik Neumann, Jan 7, 2002

Kinematics

R1 isthe position of the mass at spring-stick intersection.
R2 is the position of the mass at free end of stick.

Rlfe_, ¢ , r_]1:={r Sin[e], -r Cos[e]}

R2[e_, ¢ , r_]1:={rSin[e]+LSin[¢], -(r Cos[e] +L Cos[¢])}

RL[O, O, 1]
{0, -1}

R2[0, 0, 1]
(0, -1-L)

Constants:

m1, m2 are masses

L islength of stick

r islength of spring

K is spring constant

his spring rest length

gisgravity

Set Attributes[{L, nl, n2, k, h, g}, Constant]
Dt [R1[e, ¢, r]]

{rCos[o]Dt[6] +Dt[r]Sin[e], -Cos[e]Dt[r]+rDt[o] Sin[o]}

Velocities

Here we derive the velocities of the two masses. Note that we replace the derivatives with new variables... thisis
necessary to carry out the Lagrangian differentiation.

vl=D[Rl[®6, ¢, r]] /. {Dt[6] »061l, Dt [¢] »¢l, Di[r] >rl}

{relCos[e] +r1lSin[e], -r1lCos[e] +r ©1Sin[e]}

v2 =Dt [R2[6, ¢, r]1] /. {Dt[©] » 01, Dt[¢p] »¢1, Di[r] »>rl}

{relCos[6] +L¢plCos[¢p] +rlSin[e], -rlCos[e] +relSin[e] +LelSin[¢]}
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Energy & Lagrangian

The coenergy.

ml (1%
= —vl.vl+ —v2.v2 // Expand // Sinplify
2 2

1
— (mir1?+n2r1?+nir?el? +m2r2el?+ 22 ¢l +2Ln2r 61 ¢l Cos[e-¢] +2LnR2rlg¢lSin[e-¢])
2

The potential energy
k
V= 5 (r =h)?2-n2g (r Cos[@] +L Cos[¢]) -mL gr Cos [6]

1
Ek (-h+r)2_-gmlr Cos[o] -gnR (r Cos[6] +L Cos[¢])

The Lagrangian.
L=T-V

k (-h+r)2+gmlr Cos[e] +gnR (r Cos[6] +L Cos[¢]) +

NP NP

(Mr1?+m2r1?+nir?e1®+nR2r?el®+L°nR2 1% +2LnR2r 61 ¢l Cos[6-¢] +2LnR2rl¢lSin[e-¢])

Lagrangian Equations

Calculate the Lagrangian equation for each of the three variables.

egnl =Dt [D[£, 61]] -D[£, o] /.
{Dt [6] » 61, Dt[¢] »¢l, Di[r] »>rl, Dt[el] »e2, Dt[¢pl] » ¢2} // Sinplify

r(2mrlel+2n2rlel+nlr 62 +n2r 62+Ln2¢2Cos[6-¢] +g (M +nR) Sin[e] +Lm ¢12Sin(e-¢])

eqn2 =Dt [D[£, r1]]1-D[Z, r] /.
{Dt [6] » 61, Dt[¢] »¢l, Di[r] >rl, Dt[el] »62, Dt [¢l] » 2, Dt [rl] »r2} // Sinplify

~hk+kr+mr2+mr2-mroel?-n2r o1?>-g (Ml +n2) Cos[6] -Ln2 ¢12Cos[o-¢] +L MR ¢p2Sin[o-¢]

eqn3 = Dt [D[£, ¢1]] -D[£, ¢] /.
(Dt [6] »61, Dt[¢] »¢l, Dt[r] »>rl, Dt[61l] » 62, Dt [¢1l] » ¢2, Dt [rl] »r2} // Sinplify

Lm (Lg2+ (2rlel+r e2) Cos[e-¢] + (r2-rel?)Sinfe-¢] +gSin[¢])

Equations of Motion

Solve for the second derivatives.
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soln = Sol ve[{eqnl == 0, eqn2 == 0, eqn3 = 0}, {62, r2, ¢2}] // Sinplify

{{92» (-2gnt (M +ne) Sinfe] -
2 (2 (mL+nR) r161+LmZ<z>1ZSin[ef¢}>+ka (h-r)Sin[2(©-¢)])/(2n (M +n2)r),

1
r2- —————— (2hknm+hknm-2knlr -kn2r +2m?r 01> +2nln2r 01> +2gnl (nl + )
2l (ml + nR)
k (h-r)Sin[e-¢]
Cos[6] +2Lmln2 ¢p12 Cos[6-¢] ~kmR (h-r) Cos[2 (6-¢)]), ¢2 > - }}
L m




